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ABSTRACT 
The flow and heat transfer of viscous fluids in thin films over horizontal stretching 
surfaces have drawn considerable attention and interest due to their extensive relevance in 
fluid mechanics, physics, nanotechnology and chemical and mechanical engineering. It is 
of fundamental importance in a wide range of heat/mass transfer processes. Some of its 
applications in industry are: lubrications of machinery, fluid bearings, coating including the 
preparation of thin films, printing and painting and in the adhesives. Biological applications 
include studies of liquid flow in the lungs and eyes. Other relevant areas of applications are 
wire and fiber coating, foodstuff processing, reactor fluidization, transpiration, cooling, 
polymer processing and extrusion processes etc. 
The fundamental purpose in almost each extrusion process is to preserve the surface 
quality of the finished sheet forced through the die. All coating projects require a smooth 
glossy surface to meet the requirements for best appearance and optimum service 
properties such as low friction, transparency and strength. Often, a textured surface is 
required to prevent layers of thin films from adhering together or to produce a combination 
of high semi-transparent surface with high diffusion in a light fitting. The problem of the 
co-extrusion of thin surface layers needs special consideration to gain knowledge for 
controlling the coating product efficiently keeping the high quality. The lubricating oil 
between two rotating cylinders is another area of application for thin film flow. 
It has been found from the literature that most of researchers have introduced only 
the heat transfer phenomenon in thin film flows. But the mass transfer analysis has by and 
large remained less attended. The introduction of mass transfer adds further complexities in 
an already difficult non linear coupled system governing heat and mass transfer in thin film 
flow. Knowing the importance of thin film flow in the presence of mass transfer, our core 
objective is to investigate the heat and mass transfer for linearly stretching unsteady thin 
film flows. Similarity transformations used by earlier researchers are not adequate in the 
sense that the governing equations lead to local self similar equations and the key objective 
of self similar situation is not achieved. This also limits the ability to find the numerical 
solution of the problem.  
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We have derived new similarity transformation using Group theoretic methods and 
have been successful in reaching out to self similar boundary vale problem. The resulting 
equations are interestingly solved analytically using regular perturbation method. The 
significance of the proposed similarity transformation is thus apparent from the fact that the 
self similar governing equations are reached instead of local similar form. Further benefits 
lie in that the resulting equations are  amenable to analytical solution using perturbation 
method for small deforming parameter (dimensions of Reynold number).  This parameter 
turns out to be constant for an appropriate choice of time  varying height of the thin film 
due to stretching . Small parameter assumption is reasonable for small deforming velocity 
of the thin film and is thus according to the physics of the problem.  
The introductory chapter gives the historical background for the problems investigated in 
the thesis. Chapter 2 comprises the fundamental definitions, the governing equations for the 
flow and heat and mass transport of the viscous fluid and the mathematical techniques to 
find the solutions of the problems. Chapter 3 deals with the modeling of the heat and mass 
transfer in thin film flow, the derivation of similarity transformation using group theoretic 
method, the solution of the equation using perturbation method and the numerical solution. 
The base fluid is taken as viscous fluid. The base problem is then compounded in the 
subsequent chapters. The effects of viscous dissipation are added in the energy equation 
and chemical reaction in concentration equation in chapter 4. Chapter 5 deals with 
electrically conducting fluid in the presence of applied magnetic field  with Ohmic heating 
and heat absorption.  In chapter 6 is the inclusion of thermophoretic effects in MHD flow.  
In the final analysis, starting from the mass transfer analysis for heat transfer in thin film 
flow, the model has been compounded to the heat and mass transfer including dissipation, 
chemical reaction, MHD fluid, Ohmic heating, heat absorption and therophoresis. 
In this thesis we have looked and investigated the combined effects of heat and 
mass transfer for the flow of thin film fluid flow. The model has been compounded taking 
into consideration further important features of extreme physical and industrial importance. 
New similarity transformations, not available in the literature, are derived using group 
theoretic methods. The resulting equations are solved analytically. The numerically results 
are obtained all throughout for the comparison and adding credibility to both the results. 
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The agreement between these results is very encouraging and provides a complete 
confidence on the methodology and the correctness of the results. The thesis has the 
mathematical appeal in the sense of deriving the similarity transformations and finding 
analytical results for the nonlinear equations. The analytical results help to provide physical 
insight in explaining the physics of the fluid. Numerical results serve the purpose of 
engineers and have great usefulness in the industry. 
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1.1 Introduction 
In the last many years, the study of flow on a stretched plate has generated much curiosity 
because of industrial significance, engineering applications and mathematics. Its 
mathematical interest lies in the solution of nonlinear Navier Stokes equations and its 
physical interest lies in understanding the behavior of the fluid flow. Its industrial 
applications include the manufacturing processes such as fiber glass, production of paper, 
manufacturing of wires and plastic films, spinning of metals and extrusion of polymers. 
During these processes, stretching together with heating /cooling of the stretching surfaces 
plays an significant role to make certain quality of the finished products. Also, mass and 
heat transfer processes exist at the same time in heat transfer for a wet cooling tower, 
evaporation at water body surface, drying and the coolant flow for an air cooler. Some 
further relevant applications are plastic curing, processing and cleansing of materials 
related to circuitry and cable manufacturing. Besides that, the transfer of mass and heat 
over stretched thin film sheet is important for various processes and stages of chemical 
engineering, electrochemistry and polymer industry.  
Crane [1] was first to present analytical results for viscous fluid linearly stretched sheet in 
his seminal paper that appeared in 1970. Since then a continuous stream of work has been 
produced on the stretching phenomena taking into consideration various aspects of physical 
and mathematical interest. These physical parameters correspond to the considerations of 
suction or injection through the surfaces, heat transfer, nonlinearly stretching surfaces, 
porous medium, internal heat generation stagnation point flow, electrically conducting 
MHD flows, power law stretching, Ohmic dissipation, thermal radiation effects. unsteady 
two-dimension flows to name most but not all. For the background literature, we would 
like to refer an exhaustive list of papers [2-34]. Alongside the Newtonian fluid, the 
stretching phenomena have been widely discussed in non-Newtonian fluids and mass 
transfer. Since our focus in this thesis is thin film flows therefore it will be sufficient to 
only refer the papers of stretching surfaces in non-Newtonian fluids and mass transfer [35-
69]. 
Our main focus of interest in this thesis is thin film flows. Thin film flow is an important 
field of fluid mechanics both from theoretical and applied points of view. Its industrial 
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applications are of the greatest value which is beyond contest. The list of applications is so 
exhaustive that we cannot write all of them. And we will try to accommodate some of these 
to make a case for consideration of thin film flows. In industry the applications of thin film 
include; fluid bearings, coating, the preparation of thin films, printing, painting and in 
various adhesive substances.  Biological application of this film flows include studies of 
liquid flow in lungs and eyes. Another area of applications is foodstuff process, coating of 
fibers and wires, lowering the temperature of emergent liquid, polymer processing etc.  
We feel that, mentioning some other processes of thin film flow will not be out of place. 
Best semblance and optimal characteristics e.g. less friction, strength and transparency are 
required to produce glossy surface used in coating. Often, a sheet having texture is needed 
to hinder adhering of thin film layers or to manufacture a sequence of high semi-
transparency with high diffusion. The detectors for biological & chemical systems e.g. 
fluidic cells for biological or chemical micro cantilever electrodes are significant cases for 
flow of thin film. 
Early evidence of thin film is due to gravitational action at the wall’s surface while other 
example is due to the centrifugal force on a horizontal rotating disk. Sparrow et al [70] 
studied laminar film condensation on a vertical sheet assuming the boundary layer and 
employed similarity transformation.  
Now, we present systematic historical development of thin fluid films. The thin film 
hydrodynamics over an unsteady stretched surface has been investigated first of all by 
Wang [71]. Using similarity transformation nonlinear governing equations were 
transformed and the results of ODEs thus obtained were integrated by perturbation method 
and numerical integration. The axi-symmetric thin film flow was discussed by Usha and 
Sridharan [72]. Andersson et al [73] was first to introduce heat transfer in thin films. In 
this, he extended Wang’s [71] study & investigated the energy transfer in the film over 
transient stretched sheet. For various values of transient parameters and Prandtl numbers 
thermal characteristics are studied by them. This enlarged the scope of thin films in terms 
of mathematical and industrial challenges. As a consequence an extensive research in thin 
film flow was carried out and numerous investigations were presented taking into account 
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different physical aspects and heat transfer analyses for both viscous & non Newtonian 
fluids. For that we refer the papers [74-101]. 
Chemical reaction effects on diffusion over a heated stretching surface occurs 
simultaneously in many processes e.g. evaporation from the surface of a water body, 
moisture distribution over agricultural fields, energy transfer from cooling towers, heat 
exchangers, chemical processes, wire coating and in food processing. For these studies, the 
mass transfer by the thin film flowing on a stretched surface cannot be over emphasized. 
As a consequence, in this thesis, we shall present the analysis on mass diffusion for thin 
film flow over stretched heated plate. 
Going through research on stretching and the allied phenomena, we find that the 
literature for heat transfer in thin film has been addressed; however, no worthwhile 
research has been undertaken for the simultaneous effects of energy and diffusion in thin 
film flows. Realizing the importance of mass transfer we have extended the existing 
literature to incorporate the mass transfer phenomena in thin film flow. For this, we need to 
solve another equation of mass transfer along with momentum and energy equations.  No 
doubt, the analysis adds further difficulty in an already complex situation of solving 
coupled nonlinear partial differential equations. The most challenging job has been to 
reduce the governing equations into a self similar form and look for an appropriate analytic 
method for the solution. We in this thesis deduce the similarity transformations from the 
group theoretic method which not only yields the self similar equations but also make them 
convenient for asymptotic method. Thus, we are successful to develop an important tool 
that leads us to the solution of these equations. The resulting equations are nonlinear and 
coupled which then solved for velocity field, concentration and temperature. The 
corresponding nondimensional physical parameters of engineering and industrial 
importance are also presented. Thus this study is far more meaningful besides its 
mathematical appeal only. The numerical results are also presented to make the analytic 
and numerical results consistent with each other. 
We, in the start, compound the existing literature of heat transfer in stretching Newtonian 
fluid problem to the one including mass transfer in Chapter 3. The unsteady linear 
stretching in thin film is modeled in terms of momentum, energy and concentration 
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equations satisfying appropriate boundary conditions of the problem. The solution 
methodology is developed and the coupled differential equations are solved with the help 
of similarity transformations and perturbation method. Numerical results are also obtained 
using shooting method for the correctness and reliability of both solutions. The comparison 
of the both methods is made and a very good agreement is observed. After developing the 
basic concepts, a systematic development of heat and mass transfer for thin film flows are 
presented in the subsequent chapters.  
In this thesis, we have taken the underlying fluid as Newtonian. The reason being 
that the physics and the basic concepts of fluid flow problems; i.e., the underlying physic of 
fluid flow originates from the Newtonian fluid and can be well explained and understood in 
this set up. The future work can be carried out considering the base fluid as non-
Newtonian. No doubt, the governing equations will be more complicated in terms of the 
nonlinearity occurring through the stress tensor. However, keeping aside the mathematical 
difficulty the modeling and the similarity transformations, for Newtonian fluid, have been 
derived which may hopefully be utilized for the purpose of non- Newtonian fluids which 
can be an area of future research activity. The introduction of mass transfer in heat transfer 
thin film flows will hopefully provide answers to many questions in industrial applications. 
Further, it helps to understand the physics of fluid flow. The mathematical interest cannot 
be naturally overemphasized. 
The layout of the thesis is as follows: 
The introductory chapter gives the historical background for the problems investigated in 
the subsequent chapters. The chapter 2 comprises some preliminary definitions, the 
governing equations for the flow and heat and mass transport and the mathematical 
techniques used to find the solutions of the problems. 
In chapter 3, we analyze the mass transfer of time varying thin film of liquid over a 
stretched heated plate having variable in time temperature and concentration. The 
analytical solution for the unsteady Navier-Stokes, diffusion and energy equations are 
obtained. New similarity is derived in this chapter which makes the self similar governing 
equations amenable to analytical solution using perturbation method. Numerical solution of 
the problem is also obtained showing good agreement with analytical results. Graphs of 
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Sherwood number, Nusselt number, skin-friction, concentration, temperature and velocity 
are displayed for numerous values of pertinent non-dimensional numbers.  
Chapter 4 investigates dissipation effects for chemically reacting fluid on the mass & heat 
transfer for thin fluid film over a stretched surface of variable temperature and 
concentration. These considerations add further physically important parameters to the 
basic study of mass and heat transfer considered in Chapter 3. The respective skin friction, 
Sherwood number & Nusselt number are discussed again for additional parameters. Once 
again the numerical solution is found for the new governing equations and once again the 
comparison is very well founded for the wide range of values for all the parameters. The 
effects of the chemical reaction  parameter, Prandtl number, Eckert number and Schmidt 
number on the concentration of mass, temperature and velocity are shown graphically & 
then discussed for their physical importance.  
In chapter 5, we considered electrically conducting & chemically reacting fluid film and 
the MHD effects on transfer of mass with ohmic heating and heat absorption are 
investigated. Analytic results are once again supported by the numerical results. This study 
has naturally included parameters like Hartman number, Eckert number, heat absorption 
coefficient & reaction rate coefficient. Effects of all these pertinent parameters on the field 
quantities are observed and analysed. 
In the last chapter-6, we add thermophoretic effects on MHD mass and heat flow of 
a incompressible viscous fluid along with Ohmic heating and heat absorption.. Governing 
unsteady equations for a thin film flow describing the motion of the viscous fluid over the 
stretching sheet are re-modeled to analyze thermophoretic effects on MHD flow, heat and 
mass transfer. Results are obtained for numerous values of above parameters and for 
different values of thermophoretic parameter . This new similarity still renders complete 
self-similar equations including any physical phenomena (e.g., thermophoresis, dissipation 
effects, magnetic effects, heat absorption and ohmic heating etc.) in the governing 
equations. 
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Chapter 2 
Preliminaries 
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This chapter reviews some basic concepts and definitions used in this thesis. It also 
includes governing equations and the dimensionless numbers appearing in the natural 
buoyancy models discussed in the following chapters. 
Fluids are the materials which are continuously deformed under an applied force. The 
branch of science which deals with the study of fluids properties and their behavior  fluids  
in motion is called fluid dynamics. The fluids in which shear stress is linearly proportional 
to the rate of deformation are viscous fluids i.e. 
dy
du
xy    
where   is called viscosity of the fluid. 
2.1 Governing equations 
In the real flow situations it is appreciated to consider the physical laws of conservation. 
These refer to the law of conservation of energy, momentum and mass. Application of 
these laws to physical flow problems gives the energy, momentum and continuity 
equations, respectively. In addition, if conservation of contaminant has been assumed then 
one additional equation arrives namely; concentration equation. 
2.1.1 The equation of continuity 
The law of conservation of mass states that matter cannot be created nor destroyed in any 
classical system, i.e., in any fluid flow system, fluid mass is conserved. This fact leads to 
establish a relation between the fluid density and fluid velocity at any point. Mathematical 
form of this relation is called equation of continuity. In Lagrangian terms, the law of 
conservation of mass is 
constant=V

m  (2.1) 
where  is the volume of a particle. In Eulerian terms, this is equivalent to 
Dt
D
Dt
D
Dt
D
Dt
Dm 
 V
V
0)V(



  (2.2) 
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where 
D
Dt  is the material time derivative. We can relate 
Dt
DV

 to the fluid velocity by 
noticing that the total dilation or normal-strain rate is equal to the rate of volume increase 
of a particle of unit volume: 
1 V
.
V
u v w D
x y z Dt
  
   
  
V  (2.3) 
The equation of continuity for fluids in its most common general form: 
00 


 VV 



div
t
ordiv
Dt
D
 (2.4) 
If the density is constant (incompressible flow) the above equation reduces to 
0Vdiv  (2.5) 
which is equivalent to requiring particles of constant volume. 
2.1.2 Navier Stokes equation 
The Navier Stokes (NS) relations are PDEs & states characteristics for flow beahviour of 
the fluids that are incompressible. These equations present statement of second law of 
Newton for fluid flow and relate the resultant of forces acting on an element of fluid to the 
rate of momentum change or acceleration.  In vector form NS equations are expressed as: 
2. p
t
 
 
      
 
u
u u u f  (2.6) 
where   is known as dynamic viscosity, f  represents body forces, p  the static pressure, 
and   represents density with 
2 2 2
2
2 2 2x y z
  
   
  
 (2.7) 
The terms on left side of equation (2.6) are known as acceleration terms while the force 
terms are on right side. NS equations with the continuity equation provide a complete 
mathematical description of the flow of the incompressible viscous fluid.  
Continuity equation and the NS equations yield four equations in four unknowns (namely 
the scalar ρ and vector u). Except, in very simple geometries such as Stokes flow, Couette 
flow and crane flow, generally these equations cannot be solved exactly. 
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2.1.3 Energy equation 
The behavior of heat transfer in the fluid flow is determined by the energy equation. This 
equation is derived from first law of thermodynamics. This law states that the heat transfer 
rate of the element minus the work done rate  by the element is equal to the rate of increase 
of energy of the element. When the thermal conductivity is constant, energy equation for 
incompressible fluids is given below: 
2 1u.
T
T T
t c


 
      
 
 (2.8) 
 
where   is the dissipation function defined as 
2 22
1
2 .
2
u v v u
x y x y

        
                   
 (2.9) 
In all the problems discussed in this thesis, the surface is considered to be heated. It is 
therefore, important to discuss heat transfer analysis in the fluid with the energy equation. 
2.1.4 Concentration equation 
In the subject of mass and energy transfer the process of mass transport is treated as 
analogous to the heat transport. The concentration equation can thus be written in the 
vector form as 
2DC D C
Dt
   (2.10) 
Where C  represents the species concentration and D  represents diffusion parameter. 
2.2 Non-dimensionalization 
Nondimensionalization is the removal of units from a mathematical equation by a suitable 
substitution of variables (called Pi groups).This method can simplify and parameterize 
problems. It can also recover the characteristic properties of a system. This method is 
especially useful for systems that can be described by differential equation. Basic idea 
behind this technique is Buckingham Pi Theorem. 
Non-dimensional forms of some basic fluid mechanics equations are: 
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The non-dimensional continuity equation 
0)( 

 


V

t
 (2.11) 
The non-dimensional momentum equation 
0
Re
1 2 

 



V
V
 P
t
 (2.12) 
The non-dimensional energy equation 



 
Re
Ec
Ec)(
PrRe
1
dt
dP
Tk
dt
dT
cp  (2.13) 
The non-dimensional concentration equation 
1 Ec
( ) Ec
RePr Re
p
dC dP
c k C
dt dt


      

        (2.14) 
where 
0
0
0
Re Reynold Number
Pr Prandtl Number
Eckert Number
( )
p
p w
V l
c
k
V
Ec
c T T



 
 
 

 
are some non-dimensional numbers. 
2.3 Boundary layer and boundary layer approximation 
Ludwig Prandtl introduced the boundary-layer concept for the first time in 1904. 
According to Prandtl's boundary-layer concept, under certain conditions viscous forces are 
of importance only in the immediate vicinity of a solid surface where velocity gradients are 
large. This region near the surface is referred to as the boundary layer. In the regions, far 
from the solid surface where there exist no large gradients in fluid velocity, the fluid 
motion may be consider frictionless i.e. potential flow. 
At a certain distance from the wall, a transition occurs from zero velocity to full velocity. 
The layer in which this transition takes place is called the boundary layer or frictional layer. 
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This division of regions is imaginary in the sense. There is no sharp division between these 
two regions. 
Boundary layer can also be defined as thin layer beside the body where the gradient of 
velocity 
y
u


 is noticeable. A small viscosity can play an important role here since the 
viscosity shear stress  
y
u


 becomes considerable term. 
Outside this thin region, velocity gradients are not significant, so the action of viscosity 
does not remain important. In this outer region, the flow becomes frictionless and inviscid. 
It may be said that boundary layer is as thinner as smaller the viscosity or higher the 
Reynolds number. Thickness of boundary layer   has been experimentally found to have 
positive correlation with square root of kinematic viscosity   i.e. .   
2.3.1 Momentum boundary layer equation 
The influence of boundary, due to no slip condition exists in a thin region in neighborhood 
of solid surface, known as viscous or momentum boundary layer. In this thin layer there is 
rapid change in velocity of the fluid, from velocity of the surface to its value that 
corresponds to external frictionless flow. This is the viscosity of the fluid that gives rise to 
the boundary layer and for an in viscid fluid there exists no boundary layer. For fluids on 
sheets of finite or semi infinite length, the boundary layer thickness increases in the 
downstream region. The thickness of the boundary layer reduces due to decrease in 
viscosity of medium, but nevertheless for small viscosity, the shear stress is important due 
to large velocity gradient. The injection or suction across the porous surface also has a 
great effect on the size of the viscous boundary layer. 
Consider the case of viscous incompressible fluid over sheet stretching with velocity ( )wU x  
and the steady laminar boundary layer with the free stream velocityU . Considering the 
body forces are negligible and, the pressure and the viscosity of the fluid to be constant. 
The continuity and the NS equations may be written as: 
0
u v
x y
 
 
 
 (2.15) 
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2 2
2 2
u u p u u
u v
x y x x y

     
     
       
(2.16) 
2 2
2 2
v v p v v
u v
x y y x y

     
     
       
(2.17) 
Non-dimensional form of above equations using the transformations 
2
, , , ,
o o o
x y u v p
x y u v p
L L u u u
      (2.18) 
where 
ou  is taken to be reference velocity and length of the surface is denoted by L . 
Dropping bars we have 
2 2
2 2
1
Re
u u p u u
u v
x y x x y
     
     
     
 (2.19) 
2 2
2 2
1
Re
v v p v v
u v
x y y x y
     
     
       
(2.20) 
To simplify, we use the experimental observation that the thickness  is very less in 
comparison to surface length L  i.e. 
1
L

   (2.21) 
Now we will conduct the order of magnitude analysis of equations (2.19) & (2.20) In most 
of the boundary layer (1)u O  and ( )y O  (neglecting the bar) and in the location 
removed from the leading edge (1)x O , therefore 
2 2
2 2 2
1 1
(1), , (1),
u u u u
O O O O
x y x y 
      
      
      
 (2.22) 
From continuity equation it follows that 
u
x


 and 
v
y


 should be of same order. Therefore  
(1)
v
O
y



which implies ( )v O  . And hence ( )
v
O
x




, 
2
2
( )
v
O
x




 and 
2
2
1v
O
y 
  
  
  
 
concluding that 
2 2
2 2
u u
x y
 
 
 . Now for the inertial and viscous terms to be same order of 
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magnitude Re should be of order 
2
1

. Note that all the terms except 
p
x


 are of (1)O . 
Therefore 
p
x


= (1)O  which implies 
1p
O
y 
  
  
  
 which is the dominant term in therefore 
0
p
y



 (2.23) 
i.e. p is independent of y. So the governing equation reduces to 
2
2
u u p u
u v
x y x y

   
   
   
 (2.24) 
2.3.2 Thermal boundary layer equation 
The region around a cold or heated surface which is influenced by the heated/cooled 
surface is known as thermal boundary layer T that is strongly related to thermal 
conductivity of the medium i.e., for higher conductivity of the medium, it would be thicker. 
Like viscous boundary layer, injection or suction across the porous surface also has a great 
effect on the size of the T . 
If temperature of plate is different from ambient flow temperature then a narrow thermal 
boundary layer generate near the surface. For steady incompressible flow of a fluid with 
constant thermo-physical properties, the temperature equation is 
2 2
2 2
.
T T T T
u v
x y x y

    
   
    
 (2.25) 
Using the transformation (2.18) along with ,
w
T T
T
T T





 the non-dimensional energy 
equation given below: 
2 2
2 2
1
Pr Re
T T T T
u v
x y x y
    
   
    
 (2.26) 
where the bars have been dropped and the Prandtl number Pr


 . Note that in the 
boundary layer (1)T O because it varies from the surface temperature to zero at Ty  and 
also ( )Ty O  i.e. 
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2 2
2 2
2
1
Pr Re
1 1
1.1 . 1
T
T T T T
u v
x y x y

 
    
   
    
     (2.27) 
To make the order of magnitude same on both sides of above equation PrRe should be of 
order 
2
1
T
i.e Pr
T
O


 
  
 
. It can also be seen that 
2 2
2 2
T T
x y
 
 
. In view of the foregoing 
discussion, expression for thermal boundary layer can be written as: 
2
2
.
T T T
u v
x y y

  
 
  
 (2.28) 
2.3.3 Concentration boundary layer equation 
Boundary layer expression of the concentration equation is achieved in a similar way and is 
given below: 
2
2
C C C
u v D
x y y
  
 
  
 (2.29) 
2.4 Some dimensionless numbers 
Dimensionless numbers in fluid mechanics are the fraction of different forces or the 
transport phenomenon involved in the fluid flow.  These numbers are used to analyse the 
cumulative effect for various characteristics of flow or fluid on the basis mathematical 
results. 
2.4.1 Reynolds number 
The inertial to viscous forces ratio is termed as Reynolds number (Re). Mathematically we 
write: 
Re
UL

  (2.30) 
Here U , L  and  are characteristic velocity, reference length and kinematic viscosity 
respectively. If Re is small it means that the viscous forces are higher as compared to the 
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inertial forces, so the viscous forces will reduce any disturbance that arise in the flow and 
the flow will tend to be laminar. In contrast, if Re is large, the inertial forces would be 
dominating the viscous forces i.e., the disturbances that arise in the flow will tend to grow 
and the turbulent flow will tend to develop. 
2.4.2 Prandtl number 
Kinematic viscosity   divided by thermal diffusivity   is known as Prandtl number. It is 
written as 
Pr


  (2.31) 
Here   represents thermal diffusivity and  signifies fluid kinematic viscosity. 
Prandtl number explains the influence of fluid thermo-physical characteristics on heat 
transfer. It also shows the relation of fluid viscosity to that of heat conduction.In the whole 
progression of this thesis, we conduct the analysis of heat transfer of the flow over a 
stretched sheet. The Prandtl number appears in the dimensionless form of equation 
governing the heat transfer. 
2.4.3 Eckert number 
Eckert number (or dissipation parameter) arises in the dissipative part of the energy 
equation (see energy equation of chapter three). Mathematically, it is described as: 
2
Ec 

R
p
U
c T
 (2.32) 
Here pc is the specific heat capacity, RU  signifies some reference velocity and T  
represents the difference between wall and fluid ambient temperature. 
2.4.4 Skin friction coefficient 
In the study of fluid dynamics, it is convenient to use some transformation to obtain the 
governing equation in the non-dimensional form with reduced number of variables and 
involving non-dimensional number. Skin friction coefficient is the dimensionless shear 
stress at the surface and is define as 
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2
w
fC
U


  (2.33) 
where 
0
w
y
u
y
 




 (2.34) 
2.4.5 Nusselt and Sherwood numbers 
Nusselt number is the non-dimensional coefficient of heat transfer. The Nusselt number is 
named after Wilhelm Nusselt to honour his significant contribution to convective heat 
transfer in twentieth century. It is symbolically defined as 
hL
Nu
k
  (2.35) 
where 
0y
w
T
k
y
h
T T


 
 
 
 

 
(2.36) 
and L  is the reference length & k  is fluid’s thermal conductivity.  
Corresponding dimensionless form for coefficient of mass transfer is known as Sherwood 
number define as 
massh LSh
D
  (2.37) 
where massh is the coefficient of mass transfer and the diffusivity of mass is represented by 
D.  The Sherwood & Nusselt numbers are measure for effectiveness of mass & heat 
transfer at the surface respectively. 
2.5 Similarity transformation 
Similarity transformation is used to reduce the number of variables and to transform a set 
of PDEs into ODEs, which is rather simple to solve by any analytical or numerical method. 
These mathematical gains are accompanied by a loss in generality: Similarity solutions are, 
with exception, limited to certain geometries and certain boundary conditions. 
Taking the momentum boundary layer equation 
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2
2
y
u
y
u
v
x
u
u
t
u











  (2.38) 
with the following BC’s  
(0) , (0) 0u U v   
0, ( )
y h
u dh
v h
y dt


 

 
(2.39) 
This is a second order nonlinear PDE with three independent variables and two dependent 
variables. To find the solution of this equation in present form is very difficult. 
Now consider the following substitution  
)( kNf  (2.40) 
and 
),( txN
y
  (2.41) 
where 
,
2
2),(2
k
x
ttxN

   (2.42) 
.)constant(kU   (2.43) 
Using these variables, the axial and the normal velocities will be 
),(fku   (2.44) 
][ ff
x
N
kv 


   (2.45) 
Putting these values in above momentum boundary layer equation we get 
ffff    (2.46) 
1)1()1(,0)1(
0)0(,1)0(


fff
ff
 (2.47) 
Here this equation is termed as a similar equation as it is successfully converted from the 
PDE into an ODE. It is ODE of order three with one independent and one dependent 
variable which is quite easy to solve as compared to the equation. Also taking the thermal 
boundary layer equation 
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2
2
y
T
k
y
T
v
x
T
u
t
T











 (2.48) 
with the following boundary conditions  
),(,0
0,
txNyat
y
T
yatTT s




 (2.49) 
This is a second order nonlinear differential equation with one dependent and three 
independent variables. Consider the following substitution  
),( kNf  (2.50) 
),( txN
y
  (2.51) 
and 
)(0 

mr
ref N
d
TTT   (2.52) 
where 
,
2
2),(2
k
x
ttxN

   (2.53) 
),constant(kU   (2.54) 
 r   and  m   are some real numbers and  d   is the constant of proportionality. 
Using these variables, the axial and the normal velocities will be 
),(fku   (2.55) 
][ ff
x
N
kv 


   (2.56) 
Putting these values, we get 
)(Pr)(Pr   rffm  (2.57) 
10
01




at
at
 (2.58) 
where Pr  denotes the prandtl number which is 
k

Pr  (2.59) 
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Here we are again successful in obtaining a similar equation using appropriate coordinate 
transformation. This is the second order linear differential equation with one dependent and 
one independent variable which is quite easy to solve as compared to the equation. 
2.6 Thin film flow 
A flow that consists of an expanse of liquid partially bounded by a solid substance with a 
(free) surface where the liquid is exposed to another fluid (usually a gas and most often air 
in application) is called thin film flow. 
The formation of a thin film is the influence of gravity when fluid flows down some 
inclined plane or under the action of centrifugal force when fluid rotates or by surface 
tension 
2.7 Dissipation effects 
A process which transforms energy from some initial form to any final shape is called 
dissipative effects. Heat transfer is an example of dissipative effect as it transfers internal 
energy from some hotter body to relatively colder body. Capacity to do work by final 
energy after dissipation is less than the capacity of work by initial energy. 
2.8 Ohmic heating 
Ohmic heating is a process of temperature raise due to electric current passing through a 
conductor.The amount of heat released is proportional to the square of the current. 
2.9 Dufour effects 
The Dufour effect is the energy flux due to a mass concentration gradient occurring as a 
coupled effect of irreversible processes. It is the reciprocal phenomenon to the soret effect. 
2.10 Thermoforetic effects 
The phenomenon of diffusion of particles under the effect of temperature gradient is known 
as thermophoresis. Therrmophoresis, occur when a mixture of different types of motile 
particles is subjected to the force of temperature gradient and particles of different types 
respond to it differently. 
 21 
 
2.11 Solution methodologies 
Although with the help of latest numerical schemes it is possible to obtain accurate 
numerical solutions using fast computers which may be regarded as exact solutions, 
however analytical solutions are always appreciated to analyse the behavior of numbers 
arising in differential equations. All problems which discussed in this thesis, firstly 
similarity transformation of the problems are derived through Lie group analysis (Group 
theoretic method) then transformed problems solved analytically by Perturbation method 
and numerically by shooting method. 
2.11.1 Group theoretic method 
The procedure for finding the integration of differential governing equations by decreasing 
the order of the differential equation is common one & using invariants of the symmetries 
that underlay the equation to achieve this form is now a days moderately common. For 
PDEs the symmetry may reduce number of independent variants. 
2.11.2 Perturbation method 
Many Engineering problems cannot be solved exactly due to the non-linearity. In the 
presence of any small parameter, nonlinear terms can be dealt with the order analysis of 
perturbation theory. This theory provides a systematic approach to get solution of non 
linear BVPs. 
Perturbation method suggest the required solution in power series of some small parameter 
known as a asymptotic series The zeroth order term in this series is the solution of the 
unperturbed problem, while remaining terms express the perturbed solution of the problem. 
2.11.3 Shooting method 
The shooting method is a numerical method for solving a BVP by reducing it to an IVP. 
We assume the missing initial conditions and with the help of given boundary conditions 
and iterative scheme of Newton method we find these missing conditions. The resulting 
initial value problem will be solved by R-K method. 
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Chapter 3 
Mass transfer analysis for transient flow of thin film on 
stretched plate 
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In this chapter, the transfer of mass in time varying thin liquid film over a heated stretched 
plate with variable temperature and concentration is analyzed. The analytical results for the 
unsteady Navier Stokes, energy and diffusion equations are obtained. A new similarity is 
found using Group theoretic analysis which renders the exact similar governing equations 
amenable to analytical solution using perturbation method. Numerical solution of the 
problem is also obtained showing good agreement with analytical results. Graphs of 
velocity, temperature, concentration, skin-friction, Nusselt number and Sherwood number 
are displayed for various values of pertinent parameters. 
3.1 Formulation of the problem 
A uniform thin viscous fluid film of height ( )h t  covers a sheet along x-axis. The sheet is 
emerging from a slit and is being stretched linearly with a velocity given by: 
( )
.
( )
h t x
U
h t
   (3.1) 
Where ( )h t  is a generalized function of time t  and will be defined later. We note that the 
height of the thin film is varying with respect to time. The temperature and concentration at 
the surface of the sheet ( sT  and sC ) are specified as: 
   0 0, , , ,s ref s refT T T g x t C C C m x t     (3.2) 
where 0T  and 0C  represent the slit temperature and concentration respectively. In equation 
(2) refT  and refC  are some reference temperature and concentration. In above equation, 
 ,g x t  and  ,m x t  are arbitrary functions to be determined by self similar condition. Flow 
geometry and the coordinate system are displayed in the Figure 3.1. 
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Figure 3.1 Schematic diagram of the problem 
The governing unsteady equations which describe the motion of the viscous fluid over the 
stretching sheet are the continuity equation, Navier Stokes (boundary layer) equations, 
energy equation and the concentration equation: 
0





y
v
x
u
 (3.3) 
2
2
u u u u
u v
t x y y

   
  
   
 (3.4) 
2
2
T T T T
u v
t x y y

   
  
   
 (3.5) 
2
2
C C C C
u v D
t x y y
   
  
   
 (3.6) 
with following boundary conditions 
, 0, , at     0
0, , 0, 0 at    ( ),
s su U v T T C C y
u dh T C
v A y h t
y dt y y
    
  
    
  
 (3.7) 
where A is non-dimensional adjusting parameter, D  denotes molecular diffusivity for mass 
transport and   denotes thermal diffusion. The free surface condition at the surface of thin 
film requires tangential stress to be negligible. Thus boundary condition 0u y    at 
( )y h t  tacitly assume that the film height and the boundary layer merges with each other. 
The surface of liquid film is assumed free of surface waves and smooth. Hence due to inert 
atmosphere, interfacial shear and surface tension is neglected as it is done by other 
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researchers e.g. Andersson [73]. In this study we have neglected the effects of cross 
diffusion in comparison with direct effects. 
3.2 Similarity Analysis 
We now develop similarity relations to reduce the equations into ordinary 
differential equations which would then be solved conveniently using both analytical and 
numerical method. We make a little digression from the commonly used similarity 
transformation which in fact generates non-similar problem. The new similarity 
transformation will be built using group theoretic approach. The physical reason being that 
it is advisable to non-dimensionalize the velocity by the velocity of the deforming thin 
layer rather by the free stream velocity. The scaling transformation is found to be the best 
approach to achieve our end. 
Firstly, let us introduce the following non dimensional variables  
0 0 0
0 0 0 0
, , , , , , , .
s s
U T T C Cx y u v h
x y u v t t T C h
L L U U L T T C C L
 
       
 
 (3.8) 
Under the new variables, the governing equations (3) to (6) take the form 
0
u v
x y
 
 
 
 (3.9) 
2
2
1
Re
u u u u
u v
t x y y
   
  
   
 (3.10) 
2
2
1 1
( , ) ( , ) Pr.Re
T T T g u g T
u v T
t x y g x t t g x t x y
      
     
      
 (3.11) 
2
2
1 1
( , ) ( , ) Sc.Re
C C C m u m C
u v C
t x y m x t t m x t x y
      
     
      
 (3.12) 
with the corresponding boundary conditions 
, 0, , , at     0
0, , 0, 0, at    ( )
s su U v T T C C y
u dh T C
v A y h t
y dt y y
    
  
    
  
 (3.13) 
In above equations Sc= /D  is Schmidt number, Pr= /   is Prandtl number and Re=UL/  
is Reynolds number. To make the above equations parameter free, we take 
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ˆˆˆˆˆ ˆ ˆ ˆ, Re, , , Re, , , Re.x x y y t t u u v v T T C C h h         (3.14) 
The equations (3.9-3.13) thus transform into 
ˆ ˆ
0
ˆ ˆ
u v
x y
 
 
 
 (3.15) 
2
2
ˆ ˆ ˆ ˆ
ˆ ˆ
ˆ ˆ ˆ ˆ
u u u u
u v
t x y y
   
  
   
 (3.16) 
2
2
ˆ ˆ ˆ ˆˆ1 1ˆˆ ˆ
ˆ ˆ ˆ ˆˆ ˆ ˆ ˆ ˆ ˆ( , ) ( , ) Pr
T T T g u g T
u v T
t x y g x t t g x t x y
      
     
      
 (3.17) 
2
2
ˆ ˆ ˆ ˆˆ1 1ˆˆ ˆ
ˆ ˆ ˆ ˆˆ ˆ ˆ ˆ ˆ ˆ( , ) ( , ) Sc
C C C m u m C
u v C
t x y m x t t m x t x y
      
     
      
 (3.18) 
with the boundary conditions 
ˆ ˆˆ ˆ ˆˆ ˆ ˆ, 0, , , at     0
ˆ ˆˆˆ ˆˆ ˆ0, , 0, 0, at    
ˆˆ ˆ ˆ
s su U v T T C C y
u dh T C
v A y h
y dt y y
    
  
    
  
 (3.19) 
The scaling transformation suggests to write 
ˆ ˆˆˆ ˆ ˆ ˆ* , * , * , * , * , * , * ,
ˆˆ ˆ ˆ* , * , * , * .
a b c p q i j
k l n o
x e x y e y t e t u e u v e v h e h U e U
T e T C e C g e g m e m
      
   
      
   
 (3.20) 
Here   is transformation parameter and , , , , , , , , , ,a b c p q i j k l n o are arbitrary parameters to 
be determined by the invariance condition on the equations. The equations (3.15-3.19) take 
the form 
( )* * 0
* *
a p b qu ve
x y
      
 
 (3.21) 
2
( ) ( ) (2 )
2
* * * *
* *
* * * *
a c p b c q b cu u u ue u e v e
t x y y
           
   
 (3.22) 
( ) ( )
2
( ) (2 )
2
* * * 1 *
* * *
* * * *( *, *) *
* * 1 *
*
*( *, *) * Pr *
a c p b c q
a c p b c
T T T g
e u e v T
t x y g x t t
u g T
e T e
g x t x y
 
 
   
  
   
  
   
 
 
 
 (3.23) 
 27 
 
( ) ( )
2
( ) (2 )
2
* * * 1 *
* * *
* * * *( *, *) *
* * 1 *
*
*( *, *) * Sc *
a c p b c q
a c p b c
C C C m
e u e v C
t x y m x t t
u m C
e C e
m x t x y
 
 
   
  
   
  
   
 
 
 
 (3.24) 
( ) ( ) ( )
( )
* *, * 0, * 1, * 1 at     * 0
* * * *
0, * , 0, 0 at    * *
* * * *
p j k l
q c i
u e U v T e C e y
u dh T C
v e y h
y dt y y
  

  
 
    
  
    
  
 (3.25) 
The similarity will be achieved by imposing the conditions  
0, 0, 0,
2 0, 0, 0
a p b q a c p b c q
b c p j q c i
          
      
 (3.26) 
The system of equations can be solved for the constants b and d giving 
0 0
0
(2 ) , 2 , ,
, , , 0, 0
a p b c b p p b
q b i b j p b k l
   
     
 (3.27) 
The corresponding equivalent differential system is 
ˆ ˆˆ ˆˆˆ ˆ ˆ ˆ
ˆ ˆ ˆ ˆˆˆ ˆ ˆ ˆ
dx dy dt du dv dh dU dT dC
ax by ct du ev jU kT lCih
         (3.28) 
Choosing the value for the parameter 0p p b , where the 0p  is another parameter, equation 
(3.28) becomes 
0 0 0
ˆ ˆˆ ˆˆˆ ˆ ˆ ˆ
.
ˆ ˆˆˆ ˆ ˆ ˆ( 2) 2 0 0
dx dy dt du dv dh dU dT dC
p x y t p u v p Uh
       
 
 (3.29) 
The similarity variable and the similarity functions are now obtained as 
ˆ
,
ˆ
y
h
  ˆ ( ),T   ˆ ( ),C   ˆˆ ( ),u Uf   (3.30) 
giving 
,
( )
y
h t
     0 , ,refT T T g x t     
   0 , ,refC C C m x t   
( )
( ),
( )
h t x
u f
h t
   
(3.31) 
through equation (3.8), (3.14) and (3.20). By using the similarity function (3.30), the 
stream function can be expressed as 
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( ).hxf    (3.32) 
The y component of velocity takes the form 
( ) ( ).v h t f
x



  

 (3.33) 
With the help of equations (3.26) and (3.27), equations (3.3)-(3.6) become 
2
2[ ( ) ] 0,
h h hh
f f f f f ff
h


            (3.34) 
( , )
( , )
Pr 0.
1 ( , )
( , )
x g x t
g x t xhh
g x t h
f f
g x t t h
 


 
  
   
                  
    
 (3.35) 
( , )
( , )
Sc 0.
1 ( , )
( , )
x m x t
m x t xhh
m x t h
f f
m x t t h
 


 
  
   
                  
    
 (3.36) 
We have been successful in reaching out ordinary differential equations from partial 
differential equations but short of achieving complete similarity since the terms in 
equations (3.34)-(3.36) contain the old variables x and t. In order to achieve a complete 
similarity in equations (3.34)-(3.36), we emphasize 
 ( , ) , ( , ) ,
r s
x x
g x t m x t
h h
   
    
   
 ( ) (1 ) /h t ct b   
and  constant
hh


    
 
where r and s are non negative real numbers and    is a constant parameter called the 
deformation parameter. We further observe that in order to arrive at the self similar 
equations, we define the ( )h t  as given in the above equations. In this expression of h(t), b 
and c are positive constants having dimension of -1 time  and   is the kinematic viscosity. 
This formulation of the height ( )h t is valid only for 1ct  . With this choice of 
( , ), ( , )and ( )g x t m x t h t  equations (3.34)-(3.36) take the form 
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22 ( ) 0,f f f f ff             (3.37) 
 Pr 0,r r f f              (3.38) 
 Sc 0,s s f f              (3.39) 
satisfying the boundary conditions 
(0) 1, (0) 0, (0) 1, (0) 1,
(1) 0, (1) , (1) 0, (1) 0.
f f
f f A
 
 
    
     
 (3.40) 
The significance of the proposed similarity transformation is quite apparent from equations 
(3.37)-(3.39). These equations are not only self-similar in nature but a parameter appears a 
very suitable place for perturbation analysis. 
3.3 Analytical Solution 
In this section we solve the problem given by equations (3.37)-(3.39) with boundary 
conditions (3.40). It is quite reasonable to assume   as a small parameter which is true for 
many engineering applications. 
For small  , we construct a straight forward expansion of the form 
0
,n n
n
f f



0
n
n
n
  


 and 
0
n
n
n
  


 . (3.41) 
It is advisable to write A in a series in alpha such that 
0
,n n
n
A A


  (3.42) 
where 'nA s are to be determined. 
The unperturbed leading order system, from equations (3.37)-(3.40) is given by 
0 0,f
   (3.43a) 
0 0,    (3.43b) 
and 0 0,    (3.43c) 
with the boundary conditions 
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0 0 0 0
0 0 0 0 0
(0) 1, (0) 0, (0) 1, (0) 1,
(1) 0, (1) , (1) 0, (1) 0.
f f
f f A
 
 
    
     
 (3.44) 
The kth order systems for 1k   can be expressed as: 
 1 1 1 1
1
2 0,
k
k k k k i i k i i
i
f f f f f f f     

           (3.45a) 
 1 1 1 1
1
Pr 0,
k
k k k k i i k i i
i
r r f f         

          
 
  (3.45b) 
 1 1 1 1
1
Sc 0,
k
k k k k i i k i i
i
s s f f         

          
 
  (3.45c) 
(0) 0, (0) 0, (0) 0, (0) 0,
(1) 0, (1) , (1) 0, (1) 0.
k k k k
k k k k k
f f
f f A
 
 
    
     
 (3.46) 
The leading order equations (3.43) with boundary conditions (3.44) have the solution 
0 0 0, 1, 1.f       (3.47) 
Four term perturbation solution i.e. 3( )O   for ,f   and   can finally be written as in the 
equations (3.48)-(3.50) and kA ’s turn out to be one. 
2 3
2 3 2 4 5 2 4 5 6 7( 3 ) (20 5 ) ( 3066 560 63 77 11 ),
2 10 840
f
  
                        (3.48) 
2
2 3 4 2 2 3 4
3
3 5 6 2 4 5 6
2 2 3 4 5 6 3 3 3 5 6
1 2 Pr( ) { Pr(24 12 3 ) Pr (32 16 4 )}
24
{( Pr( 576 240 36 6 ) Pr (72 90 72 12 )
360
Pr ( 576 120 180 126 21 ) Pr ( 384 160 24 4 ))},
r r r
r r
r r

         

       
        
        
        
          
 
(3.49) 
2
2 3 4 2 2 3 4
3
3 5 6 2 4 5 6
2 2 3 4 5 6 3 3 3 5 6
1 2 Sc( ) { Sc(24 12 3 ) Sc (32 16 4 )}
24
{( Sc( 576 240 36 6 ) Sc (72 90 72 12 )
360
Sc ( 576 120 180 126 21 ) Sc ( 384 160 24 4 ))}.
s s s
s s
s s

         

       
        
        
        
          
 
(3.50) 
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3.4 Numerical Solution 
The numerical solution of the boundary value problem is solved with shooting 
technique employing 6th order R-K method of integration. To this end, let us rearrange Eqs. 
(3.37)-(3.40) as: 
22 ( ) ,f f f f ff            (3.51) 
 Pr r r f f             (3.52) 
 Sc ,s s f f             (3.53) 
with the BCs 
1
2 3
(0) 0, (0) 1, (0)
(0) 1, (0) , (0) 1, (0) .
f f f g
g g   
   
    
 (3.54) 
Where unknown ICs are denoted as g1, g2 and g3 & these are calculated via shooting 
technique which is linked with 6th-order R-K technique to obtain the results of study 
satisfying the given boundary conditions. 
After obtaining the results of the investigation, we focused on other important quantities 
from technological viewpoint i.e. surface heat transfer rate wq , surface mass transfer rate 
wm  and w  shear stress, given below: 
0 0 0
, , .w w w
T C u
q k m D  
  
       
         
       y y yy y y
 (3.55) 
These quantities are rewritten as Nusselt number Nu, Sherwood number Sh and skin 
friction fC , stated below:: 
2
Nu , Sh , .w w wf
xq xm
C
k T D C U


  
 
 (3.56) 
here 0sT T T    and 0sC C C    are constant temperature and concentration 
differences. Using non-dimensional variables given in (3.31), the Nusselt number Nu, the 
Sherwood number Sh and fC the skin-friction transform to: 
1(0)Nu (0) / , Sh (0) / ,  or Re (0).f x
f
x h x h C f
xh

  

        

 (3.57) 
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here Re /x h x   represents local Reynolds number Re depending on speed of thin film 
boundary. 
3.5 Results and Discussions 
The graphs of velocity, temperature and concentration profiles as displayed in the figures 
3.2 (a), (b) and (c), exhibit that all these quantities decrease with an increase in deformation 
ratio   of the boundary of the thin film. The variation of temperature with the Pr & r is 
shown in the figure 3.3. This depicts that temperature is decreased with increase of both of 
these parameters. This is because that increasing Pr reduces fluid conductivity so 
temperature decreases. Same effect is observed on concentration in figure. 3.4 due to 
increase of Schmidt number Sc and parameter s, as here increase in Sc decreases the 
molecular diffusivity D which in turn reduces the concentration. 
The effect of important parameters on skin-friction, mass transfer rate and on heat transfer 
rate is displayed in figures. 3.5-3.7. These figures also support the behaviors of velocity, 
concentration and temperature already displayed in the figures 3.2-3.4. As large Pr values, 
decrease temperature which gives rise to a larger temperature gradient and ultimately heat 
transfer rate increases. Due to the similar reason mass transfer rate also increases with 
increase in Schmidt number Sc.  
3.6 Conclusions 
The mass transfer for transient thin film over stretched heated plate is obtained. The 
following objectives are achieved. A new similarity is established using Group theoretic 
analysis. An analytical solution has been obtained with the help of this similarity and 
perturbation method. The numerical solution is calculutad using shooting method. The two 
solutions are found to be in excellent match for a wide range of Pr and Sc but for small 
values of deformation ratio of thin film boundary   as it is used as a perturbation 
parameter. However numerical solution is also obtained and can be used for wide range of 
all the parameters. Having  introduced the mass transfer in thin fluid film flow, we extend 
our analysis in viscous fluid flow taking into consideration dissipation effects in energy 
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equation and chemical reaction effects in concentration equation. This analysis is presented 
in chapter 4. 
 
 
Figure 3.2 (a) Flow field (b) Thermal field (c) Concentration for numerous values of  where Sc=0.2, 
s=0.2, Pr=0.7 and r=1.0 
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Figure 3.3 Temperature for numerous values of r & Prandtl while  =0.1, s=0.1, Sc=0.1 
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Figure 3.4 Concentration profiles for various s & Sc while  =0.1, r=0.1, Pr=0.1 
 
 
Figure 3.5 (a) Skin-fraction (b) Heat transfer rate (c) Mass transfer rate for numerous values of  
while Sc=0.2, s=0.2, Pr=0.7 and r=1.0 
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Figure 3.6 Heat transfer for various r & Pr while =0.1, s=0.1, Sc=0.1 
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Figure 3.7 Mass transfer rate for various s & Sc while  =0.1, r=0.1, Pr=0.1 
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Chapter 4 
Dissipation effects on heat and mass transfer of thin film 
with chemically reactive species 
 37 
 
 
In this chapter, the dissipation effects on the heat and mass transfer for thin liquid film flow 
over a stretching surface of variable temperature and concentration in the presence of 
chemical reaction is analyzed. Using a similarity transformation, the governing partial 
differential equations are transformed into self similar ordinary differential equations. The 
analytical and numerical solution of the resulting equations is obtained using regular 
perturbation method and sixth order Runge-Kutta method respectively. The two solutions 
appear to be in perfect match. The effects of Prandtl number, Eckert number, chemical 
reaction parameter and Schmidt number on the velocity, concentration and temperature are 
presented graphically and discussed. The important variables e.g. skin friction, the 
Sherwood number and the Nusselt number are calculated for the various physical quantities 
of the system as well, particularly taking into account the new parameters-Eckert number 
and chemical reaction parameter. 
4.1 Formulation of the problem 
As  in chapter 3, a thin film of viscous fluid of height ( ) (1 ) /h t ct b    covers a sheet 
lying at y=0. In the expression of h(t), b and c are positive constants having 
dimension -1 time  and   is the kinematic viscosity. This formulation of the height ( )h t is 
valid for the range 1ct  . The sheet emerges from a slit and is being stretched linearly with 
a velocity given by: 
( )
.
( )
h t x
U
h t
   (4.1) 
The flow geometry and the coordinate system for this problem are displayed in the Fig. 3.1. 
It is important to note that we have used a general stretching velocity in equation (4.1). The 
temperature and concentration gradients ( T  and C ) are defined as: 
   0 0, , , ,s ref s refT T T T g x t C C C C m x t           (4.2) 
where 0T , 0C refT , refC , sT  and sC  are the sheet’s temperature, the sheet concentration, the 
constant reference temperature, the constant  reference concentration the slit temperature 
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and the slit concentration respectively. The arbitrary functions    , / ( )
r
g x t x h t and 
   , / ( )
s
m x t x h t  are determined by self similar condition [102] where r and s are any 
real constants. 
The unsteady governing equations describing the motion of the viscous fluid over the 
stretching sheet satisfying appropriate boundary equations are the equation of continuity, 
Navier Stokes (boundary layer) equations, energy equation and the concentration equation: 
0





y
v
x
u
 (4.3) 
2
2
u u u u
u v
t x y y

   
  
   
 (4.4) 
22
2
p
T T T T u
u v
t x y y c y


     
     
     
 (4.5) 
 
2
1 02
C C C C
u v D k C C
t x y y
   
    
   
 (4.6) 
 
, 0, , at     0
0, , 0, 0 at    ( ),
s su U v T T C C y
u dh T C
v A y h t
y dt y y
    
  
    
  
 (4.7) 
where A is non-dimensional adjusting parameter, D is the molecular diffusivity and   is 
the thermal diffusivity. Last terms of equation (4.5) and (4.6) represent the dissipation and 
chemical reaction effects respectively and 1k is the reaction rate parameter. The free surface 
condition at the surface of thin film requires tangential stress to be negligible. Thus the 
boundary condition 0u y    at ( )y h t  tacitly assume that the film height and the 
boundary layer merges with each other. The film’s surface is assumed smooth and free 
from surface waves. Hence due to inert atmosphere, surface tension and interfacial shear is 
neglected c.f. Andersson [73]. In this study we have neglected the effects of cross diffusion 
in comparison with direct effects. 
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To get governing equations in non-dimensional form, we define similarity variables and the 
similarity functions, derived in [102]. These are 
( ),hxf    0 ,T T T    0 ,C C C   .
( )
y
h t
   (4.8) 
We emphasize that 
hh

  comes out to be a constant 
2
c
b
and hence independent of time. 
Defining, 
2
hh c
b


    (4.8a) 
Eqs. (3)-(7) take the following form: 
22 ( ) 0,f f f f ff             (4.9) 
  2Pr Pr Ec 0,r r f f f                (4.10) 
 Sc 0,s s f f                (4.11) 
 
(0) 1, (0) 0, (0) 1, (0) 1,
(1) 0, (1) , (1) 0, (1) 0.
f f
f f A
 
 
    
     
 (4.12) 
In the above equations Sc= /D  is Schmidt number, Pr= /   is the Prandtl number, 
2
Ec=
p
U
c T
is the Eckert number that characterizes the dissipation and 1
2
=
k
h

  is the non-
dimensional parameter representing the reaction rate. 
4.2  Perturbation Solution 
Considering   as a small parameter, the nonlinear equations (4.9)-(4.12) are solved 
analytically using regular perturbation method. The assumption of small   is reasonable 
because of two counts. The first is that it requires b to be large, yielding the film height to 
be thin, which is essentially so. The second reason comes through recognizing   to be the 
Reynolds number as equation (4.8a) shows, which is essentially small because of the small 
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deformation velocity 
dh
dt
 of the thin film. Thus, we construct a straight forward expansion 
of the form: 
0
,n n
n
f f


      
0
n
n
n
  


 ,     
0
n
n
n
  


 . (4.13) 
It is advisable to write A in a series of   such that 
0
,n n
n
A A


  (4.13a) 
where 'nA s are to be determined.  
From equations (4.9)-(4.12), the unperturbed leading order system, is expressed as 
0 0,f
   (4.14a) 
2
0 0EcPr 0,f     (4.14b) 
and 
0 0,    (4.14c) 
satisfying the boundary conditions 
0 0 0 0
0 0 0 0 0
(0) 1, (0) 0, (0) 1, (0) 1,
(1) 0, (1) , (1) 0, (1) 0.
f f
f f A
 
 
    
     
 (4.15) 
The kth order systems for 1k   can be easily expressed as: 
 1 1 1 1
1
2 0,
k
k k k k i i k i i
i
f f f f f f f     

           (4.16a) 
 1 1 1 1
1 0
Pr Ec 0,
k k
k k k k i i k i i k i i
i i
r r f f f f          
 
             
 
   (4.16b) 
 1 1 1 1 2
1
Sc 0,
k
k k k k i i k i i k
i
s s f f           

          
 
  (4.16c) 
(0) 0, (0) 0, (0) 0, (0) 0,
(1) 0, (1) , (1) 0, (1) 0.
k k k k
k k k k k
f f
f f A
 
 
    
     
 (4.17) 
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The leading order system (4.14) with boundary conditions (4.15) has the solution 
0 0 0, 1, 1.f       (4.18) 
Omitting the straightforward details of calculation, the four term perturbation solution up to 
3( )O   for ,f   and   can finally be expressed as: 
2 3
2 3 2 4 5 2 4 5 6 7( 3 ) (20 5 ) ( 3066 560 63 77 11 ),
2 10 840
f
  
                        (4.19) 
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3
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6 3 2 3 5 6
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       
    
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   
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 
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 
 (4.20) 
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3 5 6 4 5 6 3 4
3 4 5 6 2 2 3 5
Sc
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24
Sc
{( 576 240 36 6 ) Sc(72 90 72 12 (480 240 60 ))
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s s s
s
s s

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           
       
          
           
          64 )}.
 
(4.21) 
4.3 Numerical Solution 
The numerical solution of the boundary value problem is obtained using shooting 
method together with with sixth order Runge-Kutta integration. Accuracy up to the order 
610  is achieved. We rewrite equations (9)-(12) in the form 
22 ( ) ,f f f f ff            (4.22) 
  2Pr Pr Ec ,r r f f f               (4.23) 
 Sc ,s s f f               (4.24) 
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f f f g
g g   
   
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 (4.25) 
Where unknown ICs are denoted as g1, g2 and g3 & these are calculated via shooting 
technique which is linked with 6th-order R-K technique to obtain the results of study 
satisfying the given boundary conditions. Here we emphasize that the additional boundary 
condition, f(1) = A ,which is otherwise not required to solve third order differential 
equation, is also satisfied by the solution. A is determined by the perturbation method and it 
comes out to be 1 which satisfy the requirement of a physical condition. 
Having found the solution of the governing equations, we proceed to find the numerical 
results for physically important quantities such as skin friction, Nusselt number and 
Sherwood number. 
Mathematically, these quantities are defined as 
2
, Nu , Shw w wf
xq xm
C
U k T D C


  
 
. (4.26) 
And their non dimensional form is given by: 
1(0)  or Re (0), Nu (0) / , Sh (0) / .f x
f
C f x h x h
xh

 

        

 (4.27) 
where Re /x h x   is the local Reynolds number based on the velocity of thin film 
boundary. 
4.4 Results and Discussions 
The graphs of velocity, temperature and concentration profiles are presented in the figures. 
4.1(a), (b) and (c). This clearly shows that all of these quantities decrease with increasing 
  the deformation ratio of the boundary of the thin film. The temperature decreases with 
an increase of Pr and r as shown in the figure 4.2. The reason lies in that the increase of 
Prandtl reduces fluid conductivity causing energy decrease. The increase in Schmidt 
number Sc decreases the molecular diffusivity D of the fluid which in turn reduces the 
concentration. This is in line with the results shown in figure 4.3. The effects of these 
parameters on skin-friction coefficient, mass transfer rate and heat transfer rate are 
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presented in figures 4.6-4.9. Additionally, these figures support the behaviors of velocity, 
concentration and temperature already shown in the figures 4.1-4.3. The larger values of 
Prandtl number, Pr, decreases the temperature of the fluid enhancing gradient of temperature 
and ultimately an increased value of heat transfer rate. Because of the similar reason mass 
transfer rate also increases with increase in Schmidt number Sc. We omit further discussion 
on figures 4.1-4.3 and figures4.6-4.8 and refer [102] for the purpose. 
Our core emphasis in this study is to observe the effect of dissipation in the presence of 
chemical reaction. figure 4.4 shows the variation of surface temperature for different values 
of dissipation parameter characterized by Eckert number Ec, while figure 4.9 shows the 
heat transfer rate for negative as well as positive values of Ec. These figures clearly show 
that temperature increases for Ec > 0 ( the fluid is being heated) and decreases for Ec < 0 ( 
the fluid is being cooled). The heat transfer rate rises for Ec < 0 and decreases for Ec >0 as 
compared to no dissipation. These results verify the expected physical behavior and 
previous investigations e.g. [103]. 
Concentration profiles and mass transfer rates are shown in figure 4.5 and figure 4.10 
respectively. These figures reveal that mass transfer strongly depends on reaction rate and  
increases with increasing values of reaction rate parameter   as in the other stretching 
sheet studies (see [104]). 
 
Figure 4.1 (a) Velocity (b) Tempertaure (c) Concentration fields for numerous values of   while Sc=0.2, 
s=0.2, Pr=0.7, r=1.0, Ec=0.1 and  =0.1 
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Figure 4.2 Temperature for numerous values of r & Pr while  =0.1, s=0.1, Sc=0.1, Ec=0.1,  =0.1 
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Figure 4.3 Concentration for numerous values of s & Sc while  =0.1, r=0.1, Pr=0.7, Ec=0.1,  =0.1 
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Figure 4.4 Temperature for various values of Ec while  =0.1, Pr=0.7, r=0.1, s=0.1, Sc=0.7,  =0.1 
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Figure 4.5 Concentration for numerous values of  =0.1, r=0.1, Pr=0.7, Sc=0.7, s=0.1, Ec=0.1 
 
Figure 4.6 (a) Skin-friction (b) heat transfer rate (c) Mass transfer rate against numerous values of   
while Sc=0.2, s=0.2, Pr=0.7, r=1.0,  =0.1 and Ec=0.1 
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Figure 4.7 Heat Transfer rate for numerous values of r & Pr while  =0.1, s=0.1, Sc=0.1,  =0.1, Ec=0.1 
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Figure 4.8 Mass transfer rate for numerous values of s & Sc while  =0.1, r=0.1, Pr=0.7,  =0.1, Ec=0.1 
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Figure 4.9 Heat transfer rate against numerous values of Ec while  =0.1, s=0.1, Sc=0.7, Pr=0.7, 
r=0.1,  =0.1 
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Figure 4.10 Mass transfer for numerous values of  while  =0.1, s=0.1, Sc=0.7, Pr=0.7, r=0.1, Ec=0.1 
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Chapter 5 
MHD effects on heat and mass transfer of thin film flow 
with Ohmic heating and heat absorption 
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We focused our attention, in this chapter, to investigate and analyze the MHD effects on 
the mass and heat transfer for thin liquid film flow over a stretching surface along with 
effects of ohmic heating, heat absorption effects and chemical reaction. The governing 
partial differential equations are again transformed into self similar ordinary differential 
equations to obtain the analytical and numerical solution of the problem using regular 
perturbation method and 6th order R-K integration technique respectively. The two 
solutions appear to be in excellent agreement. The variation of pertinent physical quantities 
of study like concentration, temperature, velocity, coefficient of skin friction, Sherwood 
and Nusselt number are depicted in figures and discussed for variation in Prandtl number 
Pr , Eckert number Ec ,  chemical reaction parameter  , Schmidt number Sc , for 
magnetic parameter Ha (i.e .Hartman number) and for heat absorption coefficient   
5.1 Formulation of the problem 
The problem geometry and assumptions are same as in previous problems. However we are 
considering here incompressible, viscous, heat absorbing and chemically reacting fluid 
within the thin film subject to uniform transverse magnetic field and Ohmic heating. 
Therefore governing unsteady equations which describe the motion of the viscous fluid 
over the stretching sheet are re-modeled to analyze Ohmic heating, heat absorption and 
MHD effects on flow, heat and mass transfer. So the equations defining the problem are: 
0





y
v
x
u
 (5.1) 
2 2
2
u u u u B u
u v
t x y y



   
   
   
 (5.2) 
 2 2 2 0 0
2
p p
Q T TT T T T B u
u v
t x y y c c


 
   
    
   
 (5.3) 
 
2
1 02
C C C C
u v D k C C
t x y y
   
    
   
 (5.4) 
with following boundary conditions 
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, 0, , at     0
0, , 0, 0 at    ( ),
s su U v T T C C y
u dh T C
v A y h t
y dt y y
    
  
    
  
 (5.5) 
here the last term on right side of equation (5.2) is to observe the MHD effects where the 
second last and last term on RHS of equation (5.3) are included to analyze respectively the 
behaviors of Ohmic heating and heat absorption by the fluid of thin film. B is the magnetic 
induction,   is the fluid electrical conductivity and 0Q is dimensional heat absorption 
coefficient. Last term in equation (5.4) represents chemical reaction. 
Now to obtain the non-dimensional governing equations, we use the new similarity 
variables and the similarity functions derived using group theoretic analysis in (Hussan et 
al., [102]) as: 
( ),hxf    0 ,T T T    0 ,C C C   .
( )
y
h t
   (5.6) 
We emphasize that 
hh

  comes out constant 
2
c
b
and becomes independent of time. 
Defining
hh


  , equations (5.1)-(5.5) take the following form: 
22 ( ) 0,f f f f ff Ha f                (5.7) 
2Pr Ec 0,r r f f Ha f                     (5.8) 
 Sc 0,s s f f                (5.9) 
satisfying the boundary conditions 
(0) 1, (0) 0, (0) 1, (0) 1,
(1) 0, (1) , (1) 0, (1) 0.
f f
f f A
 
 
    
     
 (5.10) 
In above equations Sc= /D  is Schmidt number, Pr= /   is Prandtl number, 
  2Ec= / /
r
px h U c T

 is Eckert number, 
2
2
B
Ha
h
 



is the Hartman number (called also 
the magnetic parameter) and 0
2
p
Q
c h

 
 
 is the non-dimensional parameter symbolizing 
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the heat absorption coefficient. Where the non-dimensional chemical reaction rate 
parameter is denoted by 21= /k h   . 
5.2 Perturbation Solution 
To solve the problem given by equations (5.7)-(5.10) analytically using regular 
perturbation method we constructed a straight forward expansion of the variables, taking   
as the perturbation parameter, of the following form: 
0 0 0
, , .n n nn n n
n n n
f f      
  
  
      (5.11) 
The unperturbed leading order system, from equations (5.7)-(5.10) is given by 
0 0,f
   (5.12a) 
0 0,    (5.12b) 
and 0 0,    (5.12c) 
with the boundary conditions 
0 0 0 0
0 0 0 0 0
(0) 1, (0) 0, (0) 1, (0) 1,
(1) 0, (1) , (1) 0, (1) 0.
f f
f f A
 
 
    
     
 (5.13) 
The 1st order systems is obtained as: 
2
1 0 0 0 0 02 0,f f f f f f          (5.14a) 
1 0 0 0 0 0 0Pr 0,r r f r f    
         
 
 (5.14b) 
 1 0 0 0 0 0 0Sc 0,s s f f             (5.14c) 
1 1 1 1
1 1 1 1 1
(0) 0, (0) 0, (0) 0, (0) 0,
(1) 0, (1) , (1) 0, (1) 0.
f f
f f A
 
 
    
     
 (5.15) 
The kth order systems for 2k   can be expressed as: 
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 1 1 1 1 2
1
2 0,
k
k k k k i i k i i k
i
f f f f f f f Ha f      

             (5.16a) 
 
2
1 1 1 1 2 2
1 0
Pr Ec 0,
k k
k k k k i i k i i k k i i
i i
r r f f Ha f f     

        
 
              
 
 
 
(5.16b) 
 1 1 1 1 2
1
Sc 0,
k
k k k k i i k i i k
i
s s f f           

          
 
  (5.16c) 
(0) 0, (0) 0, (0) 0, (0) 0,
(1) 0, (1) , (1) 0, (1) 0.
k k k k
k k k k k
f f
f f A
 
 
    
     
 (5.17) 
The leading order equations (5.12) with boundary conditions (5.13) have the solution 
0 0 0, 1, 1.f       (5.18) 
Four term perturbation solution i.e. 3( )O   for ,f   and   can finally be written as in the 
equations (5.19)-(5.21) and kA ’s turn out to be one.  
 
 
2
2 3 2 2 3 4 5
3
2 2 4 4 5 5 6 7
( 3 ) 60 15 5 15 3
2 30
3066 980 560 245 63 49 77 11 ,
840
f Ha Ha
Ha Ha Ha
 
       

       
        
        
 (5.19) 
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2 3 4 2 3 4
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2 2 3 3
3 3 3
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1 Pr(2 ) { (24 12 3 ) Pr(32 16 4 )
24
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        
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      
      

 
     
      
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(5.20) 
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(5.21) 
5.3 Numerical Solution 
The numerical solution of the boundary value problem is obtained using shooting 
method in conjunction with sixth order Runge-Kutta integration to get the results with 
accuracy up to 610 . Shooting method has been applied successfully by many researchers 
to solve ODE’s. For this purpose, we rewrite equations (5.7)-(5.10) as: 
22 ( ) ,f f f f ff Ha f               (5.22) 
2Pr Ec ,r r f f Ha f                    (5.23) 
 Sc ,s s f f               (5.24) 
with the boundary conditions 
1
2 3
(0) 0, (0) 1, (0)
(0) 1, (0) , (0) 1, (0) .
f f f g
g g   
   
    
 (5.25) 
Where unknown ICs are denoted as g1, g2 and g3 & these are calculated via shooting 
technique which is linked with 6th-order R-K technique to obtain the results of study 
satisfying the given boundary conditions. Here we emphasize that the additional boundary 
condition, f(1) = A ,which is otherwise not required to solve third order differential 
equation, is also satisfied by the solution. A is determined by the perturbation method and it 
comes out to be 1 which satisfy the requirement of a physical condition. 
Having found the solution of the governing equations, we proceed to find the numerical 
results for physically important quantities e.g. skin friction coefficient, Sh & Nu. 
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0 0 0
, ,w w w
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q k m D 
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       
         
       y y yy y y
 (5.26) 
These important quantities are transformed to skin friction 
fC , Nusselt number Nu and 
Sherwood number Sh mathematically given by: 
2
, Nu , Shw w wf
xq xm
C
U k T D C


  
 
 (5.27) 
here 0sT T T    and 0sC C C    are constant temperature and concentration 
differences. Using non-dimensional variables given in (5.8), the skin friction, 
fC , the 
Nusselt number, Nu and the Sherwood number, Sh, become: 
1(0)  or Re (0), Nu (0) / , Sh (0) / .f x
f
C f x h x h
xh

 

        

 (5.28) 
here Re /x h x   is the Reynolds number depending on local velocity of thin film 
boundary. 
5.4 Results and Discussions 
We have obtained our results both numerically using shooting method and analytically 
using perturbation method and found that results are in excellent agreement with each 
other. Results for various values of pertinent parameters are obtained to analyze the 
physical behaviors of flow, temperature and mass concentration. In figures 5.1(a)and (b) 
velocity profile for different values of Hartman number Ha and Reynolds number  are 
presented respectively. Increase in both Ha and   decrease the velocity. As magnetic field 
increases the Lorenz force which opposes the flow also increases and leads to enhance the 
deceleration of the flow.  
figure 5.2(a)-(d) demonstrates the behavior of temperature profile for various parameters. 
This figure shows that viscous and ohmic heating gives rise to temperature θ and the 
process is prominent when magnetic field is there and thus reduction in surface temperature 
gradient can be seen from the figure 5.5(a)-(d). As presented in figure 5.1(d) we observe 
that heat absorption coefficient Δ decreases the fluid temperature (works as thermal sink). 
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The effect of chemical reaction parameter  , Schmidt number Sc, and deformation 
parameter   decrease the concentration profiles which is evident from figures 5.3(a)-(c). 
As high Prandtl number Pr, reduces temperature [figure 5.2(c)] which enhances temperature 
gradient and ultimately heat transfer rate increases as shown in figure 5.5(c). Due to the similar 
reason mass transfer rate also increases with increase in chemical reaction parameter  , 
Schmidt number Sc, and deformation parameter  and it can be observed from figures 
5.6(a)-(c). 
 
Figure 5.1 Velocity profiles for different values of (a) Hartman number (b) Reynold number  at 
Sc=0.1, s=0.1, Pr=0.7, r=0.1,  =0.1, Ec=0.1 and  =0.1 
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Figure 5.2 Temperature profiles for different values of (a) Hartman number (b) Reynold number   (c) 
Prandtl number (d) Heat Absorption coefficient (e) Eckert number at Sc=0.1, s=0.1, r=0.1, and  =0.1 
 
Figure 5.3 Concentration profiles for different values of (a) Chemical reaction parameter   (b) 
Reynold number   (c) Schmidt number Sc at Pr=0.7, r=0.1, s=0.1,  =0.1, Ha=0.1 and Ec=0.1 
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Figure 5.4 Skin friciton for different values of (a) Hartman number (b) Reynold number  at Sc=0.1, 
s=0.1, Pr=0.7, r=0.1,  =0.1, Ec=0.1 and  =0.1 
 
 
Figure 5.5 Heat transfer rate for different values of (a) Hartman number (b) Reynold number   (c) 
Prandtl number (d) Heat Absorption Coefficient and (e) Eckert number at Sc=0.1, s=0.1, r=0.1, and 
 =0.1 
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Figure 5.6 Mass transfer rate for different values of (a) Chemical reaction parameter   (b) Reynold 
number (c) Schmidt number Sc at Pr=0.7, r=0.1, s=0.1,  =0.1, Ha=0.1 and Ec=0.1 
 59 
 
 
 
 
 
 
 
 
 
 
 
Chapter 6 
Thermophoretic effect on mass transfer of thin film flow 
over stretched heated surface in presence of Ohmic heating 
and heat absorption 
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In this chapter we have analyzed the thermophoretic effects on the mass transfer for flow of 
thin film over heated horizontal stretched surface in presence of MHD, effects of ohmic 
heating, heat absorption effects and chemical reaction. The governing partial differential 
equations are again transformed into ordinary differential equations to obtain the analytical 
and numerical solution of the problem using regular perturbation method and shooting 
method respectively. The two solutions are found to be in excellent agreement again as 
expected. The variation of pertinent physical quantities of study like concentration, 
temperature, velocity, coefficient of skin friction, Sherwood & Nusselt number are depicted 
in figures and discussed for variation in Prandtl number Pr , Eckert number Ec ,  the 
thermophoretic parameter  , Schmidt number Sc , for magnetic parameter Ha (i.e 
.Hartman number) and for heat absorption coefficient  . It is concluded that the 
thermophoretic parameter  has significant effects on mass and heat transfer and therefore 
was important to study for technologists and analysts. 
6.1 Formulation of the problem 
In this study we are mainly concerned to observe the thermophoretic effects on MHD mass 
and heat transfer flow of a viscous and incompressible fluid in the presence of Ohmic 
heating and heat absorption. Therefore governing unsteady equations for a thin film flow 
describing the motion of the viscous fluid over the stretching sheet are re-modeled to 
analyze thermophoretic effects on MHD flow, heat and mass transfer. So the equations 
defining the problem are: 
0





y
v
x
u
 (6.1) 
2 2
2
u u u u B u
u v
t x y y



   
   
   
 (6.2) 
 2 2 2 0 0
2
p p
Q T TT T T T B u
u v
t x y y c c


 
   
    
   
 (6.3) 
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 
2
02 T
C C C C
u v D C C V
t x y y y
    
          
 (6.4) 
with following boundary conditions 
, 0, , at     0
0, , 0, 0 at    ( ),
s su U v T T C C y
u dh T C
v A y h t
y dt y y
    
  
    
  
 (6.5) 
here 
0
t
T
k T
V
T y
 
 

in the last term of equation (6.4) is the thermophoretic velocity, whereas 
this last term of equation (6.4) is included to analyze the thermophoresis. The last term on 
right side of equation (6.2) is to observe the MHD effects where the second last and last 
term on RHS of equation (6.3) are included to analyze respectively the behaviors of Ohmic 
heating and heat absorption by the fluid of thin film. B is the magnetic induction,   is the 
fluid electrical conductivity and 0Q is dimensional heat absorption coefficient. 
Now to obtain the non-dimensional governing equations, we use the new similarity 
variables and the similarity functions derived using group theoretic analysis in (Hussan et 
al., [102]) as: 
( ),hxf    0 ,T T T    0 ,C C C   .
( )
y
h t
   (6.6) 
We emphasize that 
hh

  comes out constant 
2
c
b
and becomes independent of time. 
Defining
hh


  , equations (6.1)-(6.5) take the following form: 
22 ( ) 0,f f f f ff Ha f                (6.7) 
2Pr Ec 0,r r f f Ha f                     (6.8) 
   Sc 0,s s f f                          (6.9) 
satisfying the boundary conditions 
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(0) 1, (0) 0, (0) 1, (0) 1,
(1) 0, (1) , (1) 0, (1) 0.
f f
f f A
 
 
    
     
 (6.10) 
In above equations Sc= /D  is Schmidt number, Pr= /   is Prandtl number, 
  2Ec= / /
r
px h U c T

  represents Eckert number, 
2
2
B
Ha
h
 



 is called the magnetic 
parameter, 0
2
p
Q
c h

 
 
 is the non-dimensional parameter symbolizing the heat absorption 
coefficient and the thermophoretic parameter,  , is given by: 
0
tk T
T


  . Typical values of  in literature are found 0.01, 0.1 and 1.0 if tk T  is 3, 30 
and 300 K for a reference temperature of 300 K as taken by [105] 
6.2 Perturbation Solution 
To solve the problem given by equations (6.7)-(6.10) analytically using regular 
perturbation method we constructed a straight forward expansion of the variables, taking   
as the perturbation parameter, of the following form: 
0 0 0
, , .n n nn n n
n n n
f f      
  
  
      (6.11) 
The unperturbed leading order system, from equations (6.7)-(6.10) is given by 
0 0,f
   (6.12a) 
0 0,    (6.12b) 
and  0 0 0 0 0Sc 0,            (6.12c) 
with the boundary conditions 
0 0 0 0
0 0 0 0 0
(0) 1, (0) 0, (0) 1, (0) 1,
(1) 0, (1) , (1) 0, (1) 0.
f f
f f A
 
 
    
     
 (6.13) 
The 1st order systems is obtained as: 
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2
1 0 0 0 0 02 0,f f f f f f          (6.14a) 
1 0 0 0 0 0 0Pr 0,r r f r f    
         
 
 (6.14b) 
 1 0 0 0 0 0 0 0 1 1 0 1 0 0 1Sc 0,s s f f                                 (6.14c) 
1 1 1 1
1 1 1 1 1
(0) 0, (0) 0, (0) 0, (0) 0,
(1) 0, (1) , (1) 0, (1) 0.
f f
f f A
 
 
    
     
 (6.15) 
The kth order systems for 2k   can be expressed as: 
 1 1 1 1 2
1
2 0,
k
k k k k i i k i i k
i
f f f f f f f Ha f      

             (6.16a) 
 
2
1 1 1 1 2 2
1 0
Pr Ec 0,
k k
k k k k i i k i i k k i i
i i
r r f f Ha f f     

        
 
              
 
 
 
(6.16b) 
   1 1 1 1
1 0
Sc 0,
k k
k k k k i i k i i i k i i k i
i i
s s f f               
 
              
 
   (6.16c) 
(0) 0, (0) 0, (0) 0, (0) 0,
(1) 0, (1) , (1) 0, (1) 0.
k k k k
k k k k k
f f
f f A
 
 
    
     
 (6.17) 
The leading order equations (6.12) with boundary conditions (6.13) have the solution 
0 0 0, 1, 1.f       (6.18) 
Four term perturbation solution i.e. 3( )O   for ,f   and   can finally be written as in the 
equations (6.19)-(6.21). 
 
 
2
2 3 2 2 3 4 5
3
2 2 4 4 5 5 6 7
( 3 ) 60 15 5 15 3
2 30
3066 980 560 245 63 49 77 11 ,
840
f Ha Ha
Ha Ha Ha
 
       

       
        
        
 (6.19) 
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2
2 3 4 2 3 4
3
2 2
2 2 3 3
3 3 3
Pr
1 Pr(2 ) { (24 12 3 ) Pr(32 16 4 )
24
Pr
Ec (24 12 ) (24 12 )} ( 720 576 120
360
72Pr 480 Pr 240 Pr 576Pr 384Pr 360
240 60 240 Pr
r r r
Ha Ec Ha r Ha r
r r EcHa r r r Ha Ec
r Ha r r

         

       
      
   
        
       
     
    3 2 3 2 3 3
4 4 4 4 4 2 4
5 5 2 5 2 3 5 6 6 2 6
2 3 6
120 Pr 120Pr 160Pr
90 15 90Pr 60 Pr 30 Pr 180Pr
36 72Pr 126Pr 24Pr 6 12Pr 21Pr
4Pr ),
EcHa r r r
Ec Ha Ha r r r EcHa r r
r r r r r r r
r
  
      
      

 
     
      

 
(6.20) 
 
 
 
 
2
2 3 4
2 3 4
2
3
4
3
1 ( Pr )(2 ) { (24 12 3 )
24
(32 16 4 )
Pr 24( ) 32 ( Pr ) 24
12Pr 4 ( Pr ) 12
Pr 12 16 Pr 64 48 Pr
Pr 3 4 Pr 16 12 Pr }
{ 5
360
Sc
Sc s r s
s Sc
EcHa r r r Sc
Sc rSc s r EcHa
r Sc r sSc r Sc
r Sc r sSc r Sc
Sc

       
  
  
   
  
  

      
  
    
   
   
    
 2 3 2
3 2
2
2 2 2 2
2 2
76 120 72 576 384
Pr ( 720 576 120 72 Pr
480 Pr 240 Pr 576 Pr
384 Pr 72 240
240 576 384 Pr
576 192 Pr )
Pr (360 360 720 480
s sHa sSc s Sc s Sc
EcHa r rHa r
r rEcHa r
r rSc sSc
EcHaSc rs r s Sc
rs Sc r s Sc
Sc s sEcHa rs r



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 
 
   
    
  
  
  
 
   
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2 3 2 2 2 3
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480 720 Pr 720 Pr
720 Pr 960 Pr 480 Pr ) ( )}
s
rs Sc r rEcHa
r r r s Sc O
  
    
  
   
 
(6.21) 
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6.3 Numerical Solution 
The numerical solution of the boundary value problem is obtained using shooting 
method in conjunction with sixth order Runge-Kutta integration to get the results with 
accuracy up to 610 . Shooting method has been applied successfully by many researchers 
to solve ODE’s. For this purpose, we rewrite equations (6.7)-(6.10) as: 
22 ( ) ,f f f f ff Ha f               (6.22) 
2Pr Ec ,r r f f Ha f                    (6.23) 
   Sc ,s s f f                         (6.24) 
with the boundary conditions 
1
2 3
(0) 0, (0) 1, (0)
(0) 1, (0) , (0) 1, (0) .
f f f g
g g   
   
    
 (6.25) 
Where unknown ICs are denoted as g1, g2 and g3 & these are calculated via shooting 
technique which is linked with 6th-order R-K technique to obtain the results of study 
satisfying the given boundary conditions. Here we emphasize that the additional boundary 
condition, f(1) = A ,which is otherwise not required to solve third order differential 
equation, is also satisfied by the solution. A is determined by the perturbation method and it 
comes out to be 1 which satisfy the requirement of a physical condition. 
Having found the solution of the governing equations, we proceed to find the numerical 
results for physically important quantities such as skin friction, Nusselt number and 
Sherwood number. 
Mathematically, these quantities are defined as 
2
, Nu , Shw w wf
xq xm
C
U k T D C


  
 
. (6.26) 
And their non dimensional form is given by: 
1(0)  or Re (0), Nu (0) / , Sh (0) / .f x
f
C f x h x h
xh

 

        

 (6.27) 
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where Re /x h x   is the local Reynolds number based on the velocity of thin film 
boundary. 
6.4 Results and Discussions 
We have again obtained our results both numerically using shooting method and 
analytically using perturbation method and found that results are in excellent agreement 
with each other. Results for various values of pertinent parameters are obtained to analyze 
the physical behaviors of flow, temperature and mass concentration.  
In figures 6.1(a)-(e) we have presented effect of thermophoresis and effects of other 
parameters on concentration profile as it is the main objective of this investigation. 
Increases in all parameters decrease the concentration profile while only increase in Ha  
increases the concentration. As magnetic field increases, the Lorenz force which opposes 
the flow also increases and leads to enhance the deceleration of the flow. Thermophoresis 
has the same effects as Schmidt number Sc and Reynolds number   on concentration. 
figures 6.2(a)-(e) demonstrates the behavior of temperature profile for various parameters. 
This figure shows that viscous and ohmic heating enhances temperature θ and it is even 
significant when magnetic field is present there & so reduction in gradient of surface 
temperature can be seen from the figures 6.5(a)-(e). As presented in figure 6.2(b) we 
observe that heat absorption coefficient Δ decreases the fluid temperature (works as 
thermal sink). As high values of Pr, decrease temperature [Figure 6.2(d)] which increases 
gradient of temperature and ultimately rate of transfer of heat increases as shown in figure 
6.5(d). Due to the similar reason mass transfer rate also increases with increase in 
thermophoretic parameter  , Schmidt number Sc, and deformation parameter  and it can 
be observed from figure 6.4(a)-(e). It is concluded that all the above physical parameters 
have significant effects on flow, heat and mass transfer and their rates and so it is worth to 
study these effects.  
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Figure 6.1 Concentration profile for different of (a) Thermophoretic parameter  (b) Hartman number 
Ha (c) Schmidt number Sc (d) Prandtl number Pr and (e) Reynolds number   
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Figure 6.2 Temperature profile for different values of (a) Eckert number Ec (b) Heat absorption 
coefficient Δ (c) Hartman number Ha (d) Prandtl number Pr and (e) Reynolds number   
 
                       
Figure 6.3 Velocity profile for different values of (a) Hartman number Ha and (b) Reynolds number   
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Figure 6.4 Mass transfer rate for different values of (a) thermophoretic parameter   (b) Hartman 
number Ha (c) Schmidt number Sc (d) Prandtl number Pr and (e) Reynolds number   
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Figure 6.5 Heat transfer rate profile for different values of (a) Eckert number Ec (b) Heat absorption 
coefficient Δ (c) Hartman number Ha (d) Prandtl number Pr and (e) Reynolds number   
 
                           
Figure 6.6 Skin friction coefficient for different values of (a) Hartman number Ha and (b) Reynolds 
number   
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Chapter 7 
Conclusions 
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The transient heat and mass transfer in a thin film flow over linear stretched sheet 
has been investigated. Particularly effects of mass transfer in heat transfer thin film 
flow are investigated. The effects of physically significant features are analysed in 
depth. 
Using group theoretic method a new similarity transformation is derived for the 
problems of heat and mass transfer in thin film flow over a linearly stretching 
heated surface. This similarity reduces the non linear momentum equation, energy 
equation and concentration equation into self similar ordinary differential equations. 
The resulting equations are solved analytically using perturbation method and 
numerical results are obtained using shooting method. Various parameters of 
extreme importance in industrial and engineering processes are incorporated. These 
physical parameters are: dissipation effects, chemical reaction, magnetic effects, 
heat absorption and Ohmic heating and thermophoresis. The salient observations 
are 
 The velocity, temperature and concentration profiles diminish with the rise in deformation 
parameter , the deformation ratio of the boundary of thin film.  
 The temperature reduces due to rise in Pr. The rise in Pr decreases conductivity of 
the fluid so as to decrease the temperature. Same effect is observed on 
concentration due to increase of Schmidt number Sc. Because an increase in Sc 
decreases the molecular diffusivity D which in turn reduces the concentration.  
 For high values of Pr, temperature decrease enhances gradient of temperature 
finally increasing the heat transfer rate. Similar reasoning ensures increase in rate of 
mass transfer with rise of Schmidt number Sc.  
 Temperature increases for positive values of dissipation parameter ( Ec > 0 i.e. 
when the fluid is being heated) and decreases for Ec < 0 (when the fluid is being 
cooled). The heat transfer rate increases for Ec < 0 and decreases for  Ec > 0 as 
compared to no dissipation. 
 Mass transfer strongly depends on reaction rate and increases with increasing 
values of reaction rate parameter   as in the other stretching sheet studies (see 
[104]). 
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 Increase in Hartman number Ha reduces the velocity. The magnetic field 
strengthens the Lorenz force that resists and decelerates the flow.  
 Viscous and Ohmic heating gives rise to temperature θ and thus diminishes surface 
temperature gradient. This process is even more significant in MHD presence. 
 Heat absorption coefficient Δ decreases the fluid temperature (works as thermal 
sink).  
 Thermophoresis has the same effects as Schmidt number Sc and Reynolds number 
 on concentration i.e. it reduces concentration. 
 Mass transfer rate increases with increase in thermophoresis  parameter  .  
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